The sensitivity of the results to the free parameters is assessed, and variation of the free parameters in the orifice dominates the calculated power consumption and plasma properties. The model predictions are compared to data from a low-current orificed hollow cathode.
The predicted power consumption exceeds the experimental results. Estimates of the plasma properties in the insert region overlap Langmuir probe data, and the predicted orifice plasma suggests the presence of one or more double layers. Finally, the model is used to examine the operation of higher current cathodes. 
Introduction
The current carrying capability and long-life of orificed hollow cathodes has made them the primary choice for electric propulsion systems from 100-W to several tens of kilowatts.1
For low current devices, the power and propellant consumption of the cathode, in addition to life, are the design drivers. At high current, the ion flux may become sufficient to limit cathode life by erosion, particularly for the ion thruster discharge cathode. 2
Despite the volume of experience with hollow cathodes in the electric propulsion community, thorough understanding of the plasma phenomena within and near hollow cathodes remains elusive, due in part to the small scale of the devices.
Cathode life prediction is hindered by the fidelity of the measurements and calculations of plasma properties within and near the cathode.
Several models have been developed previously to examine the insert region or orifice region plasmas separately.
A hollow cathode model which considers both the insert and orifice plasma regions is presented in this paper. The model is used to examine plasma properties within the hollow cathode and provides a starting point for examining the plasma downstream of the cathode.
Model Description
The hollow cathode model presented here is based on a control volume approach to the orifice and insert plasmas respectively.
An overview of the cathode model is presented in Figure 1 . Conservation of ions and energy, as well as current continuity are applied to each control volume. These sets of equations provide a basis for determining the electron temperature and number density in each region and the insert temperature in the insert region.
The orifice model, which is based on the one originally developed by Mandell and Katz, 3 is presented, followed by the model of the insert region.
Orifice Model
The orifice model assumes that all of the cathode current is conducted through the orifice, and consequently ion collection to external cathode surfaces is neglected. The plasma within the orifice is treated as qnasineutral, and the ions lost to the cathode and the insert region are replaced through electron impact ionization.
Energy is deposited into the plasma via ohmic heating, and ionization and convection are the energy loss mechanisms considered. Mandell and Katz 3 developed a simple model of the orifice processes based on these conservation equations, and the present derivation includes current continuity.
Conservation of Ions
The insert region is modeled as a cylindrical control volume bounded by a cathode sheath at the orifice radius, by a double sheath at the entrance to the orifice, and by the exit plane of the orifice. Figure 1 illustrates the orifice model approximations. The chamfer is neglected in the analysis of the control volume. In the formulation of the model, the plasma properties are assumed to be uniform within the orifice, and the radial electric field is neglected. The axial electric field, however, is implicitly included in the orifice model. 
where ni is the ion number density. The second term is negligible. The double-layer at the entrance to the orifice region repels ions, and the flux of ions from downstream of the orifice, calculated from measured plasma properties, is much smaller than either of the other two terms. 4's Consequently, the term describing ion flux into the orifice is omitted from the model. In orderto evaluate the first termin Equation (1),a collision analysis wasperformed, andthederivation appears in Domonkos. 6 Forsimplicity, electron-impact ionization wasassumed tobetheonlymechanism for creating ionswithin theorifice. Equation (2)describes theionization rate
2 mv e x 4zCn:o l dV_v3_on(V_) e 2kre 0 where do is the orifice diameter, lo is the straight channel length of the orifice, me is the mass of an electron, Te is the electron temperature, ne is the electron number density, no is the neutral number density, Ve is the electron velocity and CYion(Ve) is the cross section for electron-impact ionization. Equation (2) neglects the drift induced by double layer because in most cases the potential difference is small. The neutral number density is calculated by assuming choked flow at the exit of the orifice
where Mo is the atomic mass of the propellant, Ao is the orifice cross sectional area, and the neutral temperature is assumed to be equal to the orifice plate temperature. The orifice plate temperature was estimated based on the experimental data. The integral in Equation (2) is evaluated numerically using the experimental values for the cross-section by Rapp and Englander-Golden. 7 The ion flux out of the control volume is determined using the Bohm condition at sheath boundaries and the thermal flux at the downstream boundary of the control volume.
This equation implicitly includes the effects of the radial electric field with the use of the Bohm criterion.
At the exit of the orifice, the density is assumed to be sufficient to shield the bulk of the ions from drifting toward cathode surfaces, and the thermal flux of ions is used. The Debye lengths in the orifice indicate that the bulk of the orifice volume is free of the strong radial electric field near the orifice wall. The thermal flux of ions out of the control volume is usually less than ten percent of the total ion loss term. Consequently the density gradient at the exit of the orifice determines the ion motion.
The model by Capacci, et al. s included a sheath at the downstream end of the orifice which is neglected in the present derivation. The sudden expansion of the plasma at the orifice exit approximates the conditions of a decaying plasma, and ion transport was hypothesized to occur by ambipolar diffusion. The transport of ions downstream of the orifice in a qnasineutral plasma is essential to the theory of spot and plume-mode operation proposed by Mandell and Katz. 3 In the present model, the emitted ion current is also used to estimate the emitted electron current beyond the keeper.
Current Continuity
Current continuity is described at the orifice entrance and at the orifice exit. At the entrance, the total discharge current is calculated as the sum of the electron current from the insert region and the ion current to the walls of the orifice less the ion current emitted into the cathode-to-keeper gap.
The orifice ion current is calculated as part of Equation (4), as is the emitted ion current. The insert electron current is determined using Equation (5).
At the downstream end of the orifice, the discharge current is assumed to be the difference between the emitted electron and ion currents.
Equation (7) combines Equations (5) and (6).
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This type of accounting is necessitated by estimation of the ion current in the orifice being on the order of ten percent of the total current. The electron current is assumed to increase linearly between the orifice boundaries.
While the rest of the orifice plasma model treats all of the properties as spatially invariant, the axial variation of the electron current influences the ohmic heating within the orifice.
Conservation
of Energy Conservation of energy within the orifice control volume is approximated by equating the ohmic heating with the losses from ionization, radiative decay of excited states, and convection.
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The ohmic heating is calculated using the resistivity based on electron-neutral and electron-ion collisions, as shown in Equation (9) 9
where v is the sum of electron-ion and electron-neutral elastic collision frequencies.
As an approximation, the electron-ion collision frequency is calculated from the formula in the NRL Plasma Formulary.l°3 
where the neutral number density based on flow, no, is reduced by the electron density under the quasineutral assumption, and the velocity of the electrons is defined
The factor of ,4r2 typically used to calculate the collision frequency is omitted from Equation (12) because the electron velocity is assumed to be much greater than the neutral velocity, thus defining the relative velocity. Since the properties within the orifice are assumed to be constant everywhere, Equation (9) defines the plasma resistivity in the orifice. The electron current in the orifice is assumed to increase linearly toward the orifice exit due to the creation of ions and electrons through collisions with neutrals along the length of the orifice.
The variation in the electron current implies an axial variation in electron density, however the electron density was treated as uniform in the orifice control volume for simplicity. The formulation of the ohmic heating term accommodates the axial variation of the electron current. Thus for x < lo
where Ie,in s and b are determined by the requirement for current continuity, and are defined in Equations (15) and (16), respectively.
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Calculation of the ohmic heating of the electrons is modified to account for the variable electron current along the length of the orifice.
The ionization power loss due to the flow of ions out of the control volume is the product of the ionization rate, the charge, and the ionization potential:
where Neo is determined from Equation (2), and 0i is equal to 12.12 eV for xenon.
The second term on the right-hand side of Equation (8) describes the power lost from the free electrons as they excite bound electrons within neutral xenon. The energy lost by free electrons in excitation events is calculated similarly to the ionization energy loss. The excitation collision rate in the orifice is (19)
where the collision cross-section data were taken from
Hayashi. 12 The total energy loss of the free electrons to the excitation of the bound electrons is qe =k )
where the average energy lost in an excitation event, Uex, is a constrained parameter. Similarly to Mandell and Katz, 3 the average excitation energy is set to 10 eV.
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Whilethis value is representative, providedthe overwhelming majority oftheexcitations arefromthe ground state, theaverage excitation energy decreases as thefraction ofsecondary excitations increases. Inorder to rigorously evaluate thepower lossdueto neutral excitation, a detailed ionization model is required. Development of such anionization model wasbeyond thescope of thepresent investigation, andreduced accuracy oftheresults canbetolerated when using the model to assess therelative capabilities of a given cathode design.
Theconvective power lossconsiders thetemperatures of theelectrons entering thecontrol volume fromthe insert region and those exiting theorifice:
The electron temperature in the insert region is solved for in the insert model. In general, the total convection term is a small fraction of the energy lost in neutral excitation.
The ion continuity (1) and energy equations (8) are solved iteratively by using a numerical goal seeking program which varies the electron temperature and number density, respectively. First the electron temperature is varied to satisfy Equation (1) . Next, the number density is determined, satisfying Equation (8) .
If the solution of Equation (1) holds within established limits, the solution is considered to have converged.
After the orifice model solution converges, several Knudsen numbers are calculated to verify that the plasma is indeed collisional, and the Debye ratio and particle count in a Debye sphere are evaluated to determine if the ionized gas meets the conditions for a plasma.
The results showed that the plasma was collisional with Knudsen numbers generally much less than one for plasma-related collisions. The Knudsen numbers for neutral and ion self-collisions were as high as a few tenths. This is considered borderline for any continuum theory describing their properties.
Insert Model
In the same spirit as the orifice model, the plasma in the insert region is approximated by a control volume with uniform plasma properties throughout. Figure  1 illustrates the basis for the insert model. The efficiency of the ionization processes within the insert region is expected to contribute to the overall performance. In addition to the statements of ion continuity and energy conservation, the insert model has an explicit statement of current continuity.
These three equations still leave four free parameters, and the choice of those parameters is discussed.
Current Continuity
In the insert region, the current continuity statement is written by equating the total operating current, ID, with the current emitted from and collected at the cathode surface. This approach necessitates inclusion of the ion current in the orifice, and the statement is therefore dependent upon the results of the orifice model calculations.
The mathematical expression representing current continuity is written in Equation (22) .
The first term in Equation (22) refers to the thermionic electron emission current from the insert which is determined using the Richardson-Dushman equation.
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The value of the Richardson coefficient was set constant at 60-A/cm2-K 2 which is consistent with Goodfellow. 13 The work function is considered as a bounded free parameter.
Typical values for the work function of the insert range from 2.0 to 2.1-eV, and the variation of the thermionic current density as a function of temperature is plotted in Figure 2 .14 An effective work function is used to account for the Schotky effect which acts to reduce the apparent work function of a material in the presence of a strong electric field.
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The plasma potential in Equation (25) is a restricted parameter in this investigation. Experimental data showed that the plasma potential varied between 8 and 12-V above the cathode potential depending upon axial position. 22 The effect of the plasma potential on the thermionic current density is depicted in Figure 3 for plasma parameters similar to those expected. While the emission current density is relatively insensitive to the plasma potential, the Schotky effect increases the emission current density significantly.
The ion current collected at the cathode surfaces includes the ion flux in the orifice and insert regions. Ion backstreaming to the insert region is also calculated using the Bohm criterion, and these ions are assumed to recombine on the cathode surface in the insert region.
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Additionally, theplasma ions, generated in theinsert region, also contribute totheioncurrent. Inthecontext of thecontrol volume approximation, ionsenter the cathode sheath at the Bohmvelocityanddiffuse upstream at the thermal velocity. Ionsdiffusing upstream werealsoassumed to recombine on the cathode surface.
Ionemission andelectron backstreaming arebothsmall terms, however theyareincluded for completeness. Electronbackstreaming to the insertsurfaceis described using Equation (26) ev_ 1 I_,back= -_ n_F_eA_.e k_ (26) which is on the order of a few milliamperes typically. The effective surface area for electron collection, Aef_; includes both the effective emission region of the insert and the orifice plate surface. Diffusion of electrons upstream of the insert control volume is neglected based on the assumption that the axial electric field overwhelms the tendency of any electrons to diffuse in that direction.
Ion Conservation
This species specific form of conservation of mass is essentially the same as that used in the orifice mode, Equation
(1). The primary difference is the consideration of two electron populations: one a beam from the thermionic emission through a double sheath, and the other the Maxwellian plasma electrons.
The contribution of the plasma electrons to the creation of ions and excited atoms is exactly that prescribed by Equations (2) and (19) using the insert effective volume.
The electrons emitted from the insert are referred to here as the primary electrons.
The primary electron speed distribution function is approximated as
where Vd is the electron drift velocity induced by the sheath voltage, and the temperature of the primary electron beam is assumed to be the insert temperature. Since the primary electrons are created at the insert, excitation and ionization collisions deplete the population with increasing distance from the insert. The mean free path for either of these collisions is calculated as shown in Equation ( Measured plasma potentials within the insert region are 14-V and lower. 22
Evaluation of Equation (28) for the electron-impact excitation cross-section and the electron-impact ionization cross-section indicates that the mean free path for the ionization interaction is at least 10 times greater than for excitation in the range of plasma potentials observed experimentally. 22 For simplicity, a planar geometry is used to approximate the primary electron number density at the mean free path for electron-impact ionization.
,./to For _ion:>:>_ex, the contribution of electron-impact ionization by the primary electrons is negligible, and consequently this ionization mechanism was neglected. Nevertheless, the primary electrons are expected to contribute strongly to ionization. The only mechanisms considered for ion creation are electron-impact ionization by plasma electrons, and step-wise excitation by both the primary and plasma electrons, leading to ionization.
The latter phenomenon is considered without a rigorous derivation of the contribution of this term.
However, calculated excitation collision frequencies for the primary electrons in the insert region are on the order of or greater than the Einstein coefficients for neutral xenon, indicating the feasibility of a multi-step ionization process. 2°In the model, a fixed percentage of the excitation collisions are assumed to create ions.
The resulting expression describing the ion production in the insert region is 
Conservation of Energy
The conservation of energy in the insert region is written for the plasma as a whole. Energy enters or is released in the control volume by electron convection from the insert, ion convection from the orifice region, and Ohmic heating.
The energy convected with the thermionic electrons is 
Ohmic heating is calculated in a similar manner as described for the orifice. The plasma resistivity is determined assuming uniform density and temperature. The electron current to the orifice calculated from Equation (5) is used for the Ohmic heating calculation. Since the current is carried mostly in the radial direction, an average cross-sectional area for current conduction is used.
The resulting expression for the Ohmic heating is
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The energy loss mechanisms from the insert region are ion loss, excitation collisions, electron convection of the current, and electron backstreaming to the insert. The ion loss term is calculated based on the ion flux to the boundaries of the control volume. The energy lost in excitation collisions is calculated as the product of the rate of excited neutral production and the average excitation energy.
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where the average excitation energy Uex is another free parameter. The value of Uex is somewhat lower than in the orifice because the energy lost by electrons in secondary excitation collisions, which play an important role in ionization in the insert region, is less than 4-eV, thereby reducing the average energy compared to the case where only ground-state excitation occurs. For most of the results presented, Uex is set equal to 5-eV for the insert region, and a sensitivity analysis was conducted.
The energy lost by electron conduction of the current is of energy is achieved by solving for the electron number density, and the insert temperature is varied to achieve current continuity.
Both the orifice and insert models were run with inputs matching those for the experimental set-up, and the results are discussed in the next section.
Model Predictions
The inputs for the orifice and insert models are the current, flow-rate, cathode material, and cathode geometry.
By using the same inputs available to an experimental investigation, the results of the model are directly comparable to the experimental data. In this investigation, the geometry of a 3.2-ram diameter hollow cathode 22 was input to the orifice and insert models, and the flow-rate and current were varied over the range tested experimentally.
Additionally, the models were also used to evaluate the effects of geometry and material changes for low-current cathodes.
While the standard operating procedure for the models was to vary only the parameters controllable in an experimental situation, several free parameters remained.
The model was evaluated to test the sensitivity of the various solutions to the free parameters.
Sensitivity of the Orifice Results to the Free Parameters
The orifice model neglects the creation of ions by stepwise excitation, and the calculated Knudsen numbers for this type of collision indicate that this phenomenon occurs infrequently.
Nevertheless, the effects of a fixed percentage of the excitation collisions creating ions were evaluated, and the results are plotted in Figure 5 . Unless stated otherwise, all the results presented here refer to the cathode AR6 of Reference 22. The number density shows the largest change, monotonically increasing with fex. In terms of a figure of merit for cathode optimization, the ohmic heating and excitation energy loss both scaled with nearly a ten percent reduction for every five percent increase in fex. Since the Knudsen numbers suggested that step-wise ionization was the exception in the orifice, fexwas set to zero for subsequent calculations.
The average excitation energy is also considered a free parameter since the distribution of the excitation transitions was unknown.
Excitation from the ground state in xenon costs between 8.44 and 10.40-eV. 23 If this event dominates the excitation collisions, then the average excitation energy is on the order of 10-eV. While the preceding paragraph discounted the contribution of step-wise excitation in the orifice, the effect of reducing the average excitation energy was evaluated to examine the potential consequences of this simplification, and the results are shown in Figure 6 . The most sensitive parameters are the number density and the power consumption.
The power consumption was expected to scale with the excitation energy.
The number density increases as the excitation energy decreased, ensuring that the convective power terms account for the difference between the ohmic heating and the excitation loss.
The previous discussion concerning the orifice Knudsen number for excitation supports the conclusion that ground state excitations dominate, and the average excitation energy was set to 10-eV for all subsequent calculations.
Sensitivity of the Insert Results to the Free Parameters
By contrast, the excitation processes in the insert region are essential to plasma generation. The primary electrons undergo excitation collisions almost exclusively. Figure 7 depicts the sensitivity of insert region plasma parameters and power consumption to the value of fexin the insert region. Electron convective power consumption decreases by ten percent for an increase of two percent to fex, while the number density increases by twenty percent over the same interval. Although the number of excitation events possible in xenon argue that only a small fraction create ions, an ionization model is needed to rigorously determine the value of fex. The fraction of excitations creating ions was set to 0.05 for all subsequent calculations, since the results agreed well with the experimental data.
As important as the value of fex is to the solution of the insert region parameters, the average excitation energy in the insert region influences the solution to a greater degree. Figure 8 depicts the sensitivity of the plasma properties and energy terms in the insert region to changes in the average excitation energy.
While the plasma properties and energy terms are highly sensitive to Uex, the preponderance of the secondary excitations in the insert region is expected to reduce the average excitation energy compared withtheground-state value used in theorifice calculations. Over therange from3 to 8-eV,the changein powerconsumption by excitations scales withUex. Thenumber density is highlysensitive totheaverage excitation energy in the insertregion, changing by aboutten percent per electron-Volt. Since many of thepossible transitions between excited states in neutral xenon involve less than1-eV, 23thelackof detailed accounting of the population oftheexcited states makes thevalue chosen for Uexsomewhat arbitrary, although it should be weighted fortheground-state transitions which enable secondary excitations. Theaverage excitation energy wasset to 5-eVin lieuof amorerigorous evaluation. Thisnumber accounts for electron collisions with excited states whilea lowernumber requires thatthe plasma approach opticallythick conditions.The experimental dataindicated that the insertregion plasma was farfromoptically thickconditions.
Theplasma potential is a freeparameter in theinsert model, although experimental dataputbounds onthe value chosen. Furthermore, thesharp axial gradient in theplasma potential made thechoice of a volumeaveraged valueperilous.Theplasma potential was varied from7 to 12-eV toobtain thedata in Figure 9 . Againthenumber density is highlysensitive to this parameter as is the convected energyfrom the thermionic emission current. Thelatterfindingis expected since thereduction intheworkfunction bythe Schotky effect scales withnumber density. Whilethe insert region plasma potential near theinsert wasas highas12-V, a value of 8-Vwasused forsubsequent calculations both in consideration of the volume averaged valueandbecause largevaluesfor Vp degraded thestability ofthemodel.
Thefinal freeparameter considered here is thematerial workfunction oftheinsert.Whiletheavailable data confine theworkfunction tobetween 2.0and2.1-eV, this rangestronglyaffectsthe requisitecathode operating temperature asshown inFigure 10.Achange of 0.1-eV in theworkfunction leads to morethana 50-Kincrease in theinsert temperature. It should be notedthatin a real system, the plasma potential depends uponthe material workfunction, andthe variation ofeither ofthese parameters independently is artificial. A valueof 2.00-eVwaschosen for subsequent calculations primarily dueto anapparent over-prediction of powerconsumption; a low-work function reduces thepower consumption gapathigh flow-rates.
Sensitivity of Predicted Cathode Power
A comparison of the sensitivity of cathode power consumption to variations in several of the free parameters is depicted in Figure 11 . Cathode power is most strongly tied to the choice for the average energy of excitation collisions within the orifice. The fraction of excitation collisions resulting in ionization in the orifice and the plasma potential in the insert region exert comparable influence on the predicted cathode power consumption.
The average energy transferred in an excitation collision in the insert volume influences cathode power consumption in a non-linear fashion, and the magnitude of dependence of cathode power on the average excitation energy in the insert region is less than the dependence upon the other free parameters. Plots similar to Figure 11 provide insight into the suitability of the model predictions for use in cathode design.
If the variability in the free parameters is minimized, the model predictions become more reliable.
Comparison
of Cathode Power Consumption with Experimental Data
The model predictions are directly compared with experimental data for a 3.2-mm diameter hollow cathode in Figure 12 . The average excitation energy and the fraction of excitation collisions resulting in ionization were varied in an attempt to match the experimental data. The predicted power consumed in the orifice is plotted in Figure 12 , along with the total power consumed experimentally. In order for the predicted power in the orifice to be consistent with the total power measured, the free parameters were set well beyond the bounds discussed above.
The control volume approach appears to be too simplistic to capture the subtleties of hollow cathode operation at low current. Observation of Figure 12 indicates that in spot mode, the measured cathode power consumption was nearly invariant with flow rate. The positive slope of the predicted power consumption results from Equations (18) and (19), where the increase in neutral density from the flow rate results in additional power losses for the control volume.
Insights from Calculated Plasma Parameters
The ability of the model to predict the plasma conditions within the cathode was also evaluated. In the insert region the predicted, bulk-averaged electron number density and temperature match the experimental results. Since models are currently the only means to evaluate the plasma properties within the orifice and the model appears to predict plasma properties to within a small error, the cathode model presented here was used to gain insight into the processes governing current conduction in the cathode.Thelargegradient in number density andthemodest gradients in electron temperature bothupstream anddownstream of the orifice suggest thepresence ofatleast onedouble layer. Themodel assumes a doublelayerat the orifice entrance, andtherapidexpansion at theexitof the orificeprovides evidence of a double layerin this region as well. Thedownstream double layermay enable theelectrons in the orificeto gainsufficient energy toionize local totheorifice, thereby creating the spot andfacilitating current conduction.
Comparison with the Space Station Plasma Contactor
Although the cathode model was originally developed as a design tool for low-current hollow cathodes, an attempt was made to assess its performance in predicting the operation of existing hollow cathodes. The Space Station Plasma Contactor (SSPC) is one of the most widely tested hollow cathodes and is ideal for comparison purposes. Figure 14 shows the predicted orifice power consumption in the SSPC, and the total power consumption of the SSPC at 3.0-A discharge is also shown for comparison. 24 Unlike the low-current hollow cathode results, the predicted orifice power is less than the total experimental value. Additionally the predicted trends of orifice power consumption with flow-rate more closely approximate the independence of total power on the flow rate in spot mode. From this comparison, the assumptions made in the cathode model appear to be better suited to the operation of larger and higher-current cathodes than originally intended.
This suggests that the dominant physical processes for small hollow cathodes are different than large devices.
Conclusions
A model of the orificed hollow cathode, based on particle and energy balances, was presented. The model included the plasma in both the insert and orifice regions.
In the orifice region, a single component, Maxwellian electron population was assumed to generate the ions and carry the bulk of the current. Models for the boundaries of the orifice plasma were presented.
In the insert region, both a primary beam, thermionic and background Maxwellian electron populations were assumed to sustain the plasma and the current.
The insert region current emission was constrained by the calculated current required by the orifice region.
The sensitivity of the model to the various free parameters was assessed for low-current hollow cathodes.
The cathode power consumption was found to be a strong function of the average excitation energy within the orifice, the fraction of excitation collisions resulting in ionization in the orifice, and the plasma potential in the insert region. Comparisons were made with experimental results to evaluate the utility of the model. A fundamental limitation of the energy balance calculation was discussed, and was found to be most critical for small-geometry devices at low-current. Additionally, the model when combined with experimental data suggested the presence of doublelayers at the entrance and exit of the orifice. 
